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Abstract 

We consider the problem of modifying the shape of a cubic B-spline curve while retaining 
its convexity. This is achieved by moving control points in such a way as to maintain 
the appropriate shape of the corresponding control polygon. The problem is formulated 
as a linear programming problem, which may be solved using the simplex method. Two 
examples, taken from cross-sections of a ship hull, are discuss~d. 

1 Introduction 

It is well known that C 2 continuous parametric curves may be constructed using cubic 
splines, using B-splines as the corresponding basis [Farin 97]. The provision of cubic 
B-splines as a standard component of Computer Aided Design software is now common
place, with implementations widely available using both the polynomial form and the 
rational form (NURBS) [Piegl & Tiller 97]. 

Having generated a cubic spline design curve from a sequence of control points and knots, 
a designer will often need to modify this initial curve interactively in order to obtain the 
final desired curve shape. These modifications may be achieved by changing the locations 
of one or more control points [Sanchez- Reyes 97, Farin 97, page 111]. However, the design 
curve may have further constraints imposed upon it. An example is one in which a shape 
preserving curve is required, i.e. a curve which is faithful to the "shape" of the data. In 
such cases the distances which control points are allowed to move may be constrained in 
order that the modified curve continues to satisfy additional shape preserving criteria. 
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In this paper, we consider the problem of generating and subsequently modifying a poly
nomial cubic B-spline curve in which the control polygon is locally convex and is of an 
appropriate shape in order that the curve itself is convex. Hence the problem of mod
ifying this curve is one in which control points can only be moved in such a way as to 
maintain this shape. In the following sections we formulate this as a linear programming 
problem, which may be solved using the simplex method. 

The outline of the paper is as follows. In §2 necessary and sufficient conditions are derived 
in order for a Bezier curve segment to be convex. These conditions are then related to the 
corresponding B-spline control points. The linear programming problem is formulated in 
§3 and the steps of a "simple" algorithm to solve this problem are presented in §4. An 
additional algorithmic step is suggested in §5, which offers a further chance of obtaining 
a solution in the event that a solution is not obtained using the "simple" algorithm. Two 
sets of results are described in §6, with each set taken from the design of cross-sections 
of a ship hull. The paper concludes with §7. 

2 Convexity Conditions 

In this section we derive necessary and sufficient conditions for a cubic Bezier curve to 
be convex, i.e. for the curvature to be everywhere non-negative. These conditions are 
then written in terms of the corresponding B-spline control points. 

Consider a cubic curve in ~2 written in Bezier form: 

r(t) = A(l - t)3 + 3B(1 - t)2t + 3C(1 - t)t2 + Dt3, 0:::; t :::; 1. (1) 

Writing 

we have 

r' ( t) X r" (t ) 
18 

where 

E = B - A, F = C - B, G = D - C, 

(E(I- t)2 + 2Ft(1- t) + Gt2) x ((F - E)(I- t) + (G - F)t) 

(1 - t)3(E x F) + t(1 - t)2(E x (F + G)) 

+ t2(1- t)((E + F) x G) + t3(F x G) 

(2) 

(1 - t)2(E x F) + t(1 - t)(E x G) + t2(F x G), 0 :::; t :::; 1, (3) 

Now take k 2: 4, and an increasing sequence of knots u = (Ui)~tl. For the purposes of 
this paper we will assume this sequence to be strictly increasing. For i = 0, ... ,k - 1 we 
let Ni denote the cubic B-spline with knots Ui-2, ... ,Ui+2· 

Consider a cubic B-spline curve 

k-l 

r(u) = L BiNi(u), (4) 
i=O 
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On the interval [Uj, Uj+l], 1:S j :S k - 3, (4) may be written in Bezier form (1) where: 

and 

A 
B 

C 
D 
t 

From (2), (5) we obtain 

where 

Hence from (3), (6), 

r' ( t) x r" ( t ) 
18 

6 j 

I5j 

rPj 

Cij 

j3j 

'"'(j 

E 
F 
G 

L 
M 
N 

J-L 

Uj+l - Uj, 

Uj+l - Uj-l, 

Uj+2 - Uj-l, 

6~ 
J 

I5j rPj-l 
, 

6 j l5j - 1 6 j - I I5HI 
+ 

I5j rPj-1 I5j rPj 

6~ I 
~ 

I5j rPj 

- L+M, 

} - J-LM, 
- M+N, 

Cij(B j - B j - I ), 

~i~i-l (B B ) 
fj-¢>- HI - j, 

J J 

'"'(j(B H2 - BHI), 

~ 
~j-l . 

(1 - t)2(L x M) + ;t(1 - t)(L x M + Lx N + M x N) + t 2 (M x N), 

(5) 

(6) 

o :S t :S 1. (7) 

Noting that J-L > 0, it follows from (7) that 

r' (t) x r" (t) 2:: 0, 

if and only if 

Lx M > 0, 

M x N > 0, 

O:St:Sl, 

L x M + L x N + M x N > - 2J-LV (L x M) (M x N). (8) 

Thus while the control polygon B j - I , . .. ,BH2 is locally convex, in the event that it turns 
sharply through an angle which is more than 7r, it need not be entirely convex. 

3 



3 The Linear Programming Problem 

We now consider the problem of moving control points in order to change the shape 
of the curve while retaining its convexity properties. This is formulated as the linear 
programming problem (11). 

Take s, 0:::; s :::; 1 and suppose that the curve r(t) is initially given by (1), (5). We wish 
to move r(s) a given distance D in the direction of a given vector v = (vx, vy). We do 
this by allowing at most four control points to be adjusted. Thus, we replace 

Bi by Bi+AiV, i=j-1, ... ,j+2. 

Then from (1) and (5) we obtain 

D = Ivl{Aj-IO!j(l-s? 

+ Aj((3j(l - 3)3 + 3D~+l s(l - s? + 3,0.j+l s2(1 - s) + O!j+lS3) 
~j CPj 

( ( )3 ,0.j-1 ( )2 Dj 2() 3) + Aj+1 Ij 1 - 3 + 3-",-3 1 - 3 + 3-s 1 - s + (3j+IS 
~j CPj 

+ Aj+2Ij+l33}. (9) 

We assume that initially the curve is locally convex over the region influenced by the 
control points B j - I , ... ,Bj+2' i.e. 

r'(u) x r"(u) 2: 0, -Uj-3 :::; U :::; Uj+4' 

In particular the discrete curvatures 

Ki = (Bi - Bi- I) X (BHI - B i), i = j - 3, ... ,j + 4, 

satisfy 
(10) 

If the original inequalities have the opposite sign we reverse the order of the Bi and 
the corresponding knots. Noting that the knots should form an increasing sequence, the 
signs of the knots should also be changed. 

Letting Bi - B i- I = (Xi, Yi), (10) becomes 

i = j - 3, ... ,j + 4. 

For i = j - 2, ... ,j + 3, let the new discrete curvatures be given by 

K; (Bi + AiV - B i- I - Ai-IV) X (BHI + AHIV - Bi - AiV) 

= XiYi+l - XHIYi + (Ai - Ai-I)(VxYi+l - VyXHI ) 

+ (AHI - Ai) (VyXi - vxYi). 

We require the new curve to be locally convex on [Uj-3, Uj+41. It is generated by moving 
the control points such that no individual discrete curvature increases significantly in 
excess of the others. To achieve this, we 

maximise {. . min. K; } 
~=J-2, ... ,J+3 

by varying Aj-I, ... , Aj+2 subject to (9). This is equivalent to the following linear pro
gramming problem: 

maximise {K} subject to (9) and K :::; Kl', i = j - 2, ... ,j + 3. (11) 
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4 The Algorithm 

In this section a simple algorithm is proposed in order to solve (8) and (11). 

1. Let .\ = 0 for i ::; j - 1 and i 2: j + 2. 

2. Calculate Aj, Aj+! in order to solve (11). 

3. For i = j, j + 1, let 

(Note that K/' = Li x Li+d 

4. If K < 0 then go to step 5 else 

(a) iffori=j-2, ... ,j+2 

(12) 

then STOP, else 

(b) if for i = j - 2, ... j + 2 

(Li X Li+l + Li X Li+2 + Li+l X Li+2)2 

::; 4/1?(Li X Li+l)(Li+l x Li+2), (13) 

then STOP, else go to step 5. 

5. Let Ai = 0 for i ::; j - 2 and i 2: j + 3. 

7. If K < 0 then STOP, else 

(a) if, for i = j - 3, ... j + 3, (12) is satisfied then STOP, else 

(b) if, for i = j - 3, ... j + 3, (13) is satisfied then STOP. 

The algorithm attempts (steps 1 and 2) to adjust the shape of the curve by just moving 
two control points. Step 3 calculates new values for these two control points. If the 
algorithm is successful in obtaining a positive value for the objective function, step 4 
offers two tests to check if (8) is satisfied. If it is, a solution has been found and the 
algorithm stops. However, if it is not satisfied, or the objective function is not positive, 
the entire process is repeated allowing four control points to change. This is done in 
steps 5 and 6, with the corresponding tests performed at step 7. Clearly further steps 
could be included in the algorithm to allow six or more control points to be moved if no 
solution is obtained by moving up to four control points. For the purposes of this paper, 
we have restricted ourselves to a limit of four. 
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5 An Extended Algorithm 

In the event that the above algorithm produces a solution which satisfies (11), but which 
fails to satisfy either (12) or (13), a further step could be added based upon the following 
sufficient conditions for (8): 

N x L :s; 2(p, + l)(L x M), } (14) 
N x L :s; 2(p, + l)(M x N). 

These conditions are clearly sufficient if L x N 2: O. Otherwise, 

VN xL:S; (j2(p,+ l)(L x M), j2(p, + l)(M x N)) 

. and so 

N x L < 2(p,+ l)j(L x M)(M x N) 

< L x M + M x N + 2P,V'-(L-x-M-)-(M-x-N-) 

and (8) follows. 

We may therefore add the following step to the algorithm, following step 7 above. 

Step 8. Calculate Aj-l, Aj, Aj+l, Aj+2 to 

maximise {P} subject to 

equation (9), } 
Kt2:0, i=j-2, ... ,j+3, 
P :s; L'i X Li+2 + 2(p, + l)(Lk x Lk+l), i = j - 3, ... ,j + 3; k = i, i + l. 

We note that if P 2: 0, then by (14), the curve is locally convex on [Uj-3, uj+4l. 

6 Results 

We present the results obtained from applying the above algorithm to two test cases. 
Each set of data represents a cross-section of a ship hull. 

Case 1 

This comprises a non-uniform B-spline using 22 control points. The original curve is 
shown in figure 1, with 'X' denoting the location of the point to be moved. The corre
sponding polygon is also displayed as a dashed line, but much of it is coincident with 
the curve. The point 'X' almost coincides with the location of a knot, Its coordinates 
are (2.5, 4.1590), and it needs to be moved to (2.52,4.1520), Thus in the notation of §3, 
v = (vx, vy) = (0.02, -0.007) and D = 0.0211896. 

The algorithm produces a new curve by moving two control points. A close-up of the 
situation is given in figure 2. 'Xl' corresponds to the location of 'X' above, and 'X2' 
the final destination after its move, connected to 'Xl' by a continuous straight line. The 
other continuous lines represent the B-spline curves before and after the move, with '0' 
the knots. The dashed lines represent the corresponding control polygons, with '+' the 
control vertices. If we zoom out from figure 2, we can obtain figure 3 showing the two 
control vertices which have moved. 

6 



Figure 1: Case 1: the initial curve. 'X' denotes point to be moved. 

--- --- - .... -
--- - --

--- ------

Figure 2: Case 1: close-up view of curve before and after modification. Point on curve 
moves from 'Xl' to 'X2'. 

7 



/ ..... 

Figure 3: Case 1: sections of curves before and after modification. The two control 
points which move are shown. 

Case 2 

This comprises a non-uniform B-spline using 106 control points. The original curve 
is shown in figure 4, with 'X' denoting the location of the point to be moved. The 
corresponding polygon is also displayed, but is virtually coincident with the curve. The 
actual coordinates of the point 'X' are (-0.6998, 2.15221). The original requirement 
was to move this point to (-0.7698, 2.32). Thus in the notation of §3, v = (vx,Vy) = 
(-0.07,0.16479) and D = 0.17904. Application of the algorithm failed to find a solution 
to this problem if only four control points (at most) are allowed to move. By allowing 
just four control points to move in the given direction, 98% of the distance was covered, 
with D = 0.1745. 

A close-up of the modified '98%' problem is given in figure 5. The notation in the figure 
is identical to that for Case 1. If we zoom out from figure 5, we can obtain figure 6 
showing the four control vertices which have moved. For the modified curve, the discrete 
curvature at each of the outer modified vertices is zero. It is also zero at each unmodifed 
vertex immediately adjacent to these outer modified vertices, although this is not shown 
in the figure. Thus the polygon contains three collinear vertices on either side of the 
inner modified control vertices, hence no further movements of the four control points 
are possible while still retaining local convexity of the control polygon. In particular, the 
extended algorithm of §5 offers no help in this situation. Allowing six control points to 
be moved would undoubtedly provide a solution to the original problem. 
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Figure 4: Case 2: the initial curve. 'X' denotes point to be moved. 

,-

,
,-

,-'- X1 

Figure 5: Case 2: close-up view of curve before and after modification. Point on curve 
moves from 'Xl' to 'X2'. 
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Figure 6: Case 2: sections of curves before and after modification. The four control 
points which move are shown. 

7 Conci usions 

We have presented a simple algorithm for modifying the shape of a cubic B-spline curve 
while retaining its convexity. There are further tests which may be performed to assess 
the properties of the existing algorithm, and further aspects which may be explored to 
develop a more versatile algorithm. These include the following. 

1. It is well known that linear programming problems do not always yield unique 
solutions. In such cases a designer would therefore have a selection of possible 
curves from which to choose. While this offers some flexibility, it may also serve to 
confuse. Experimentation with a different (non-linear) formulation has yet to be 
performed. 

2. The question of accumulated modifications has yet to be investigated, e.g. are two 
consecutive modifications equivalent to one modification of the combined distance? 

3. We have deliberately concentrated on simplicity. Thus the parameter value of 
the point to be moved does not change, and all the control vertices move in the 
same direction. Allowing the parameter value to change and the vertices to move 
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in different directions would increase both the flexibility and complexity of the 
algorithm, 

Each of these remain a subject of further study, 
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